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1.- JIntroduction : R. J. Gardner, S. Kwapien and D. P. Laurie
working on a conjecture of B. Grunbaum, see [2] » reached two ele-
gant conjectures, including inequalities, about ovals { compact
plane convex sets ).

The author gives proofs for these conjectures below.
The above mentioned conjectured the following, see [T] .

- . Let F be an oval and LIJLZJL3 three concurrent str. lines
through the same interior point of F_ dividing F into six re-

gions with area.Ai}E 11555 » see fig. (1), below.
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2.- Proof of the first conjecture.
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Proof.
Let LI intersects F at the points [U G;IY at the points
}-{J E and La at the points DJH . The lines I<L; HG‘,DE
are being intersected at the points JE’C) B .
CASE 1.
Suppose that P is an interior point of the triangle ARC
see fig. (2).

It is obvious that:
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Where [VU] denotes the area of the figure Vv..
From [1] it is easily understood that, it is enough to prove the
problem for a triangle. Taking into account the properties and
the theorems of an affinity transformation, we can see that, there
is an affinity transforming ABC into an equilateral trianéle.
Also, we know that affinities preserve the area ratio. Therefore
we only have to prove the problem for an equilateral triangle.
Let ABC( be an equilater&lh:;lﬂ;m P an interior point with )‘-‘)YJZ
its distance from each of the sides Bﬁjfﬂ}ﬁf}. The parallel through
P  to the side BC intersects AB and AC at the points MJ N

respectively. (see fig.3)



It is elementary to calculate the arsas of the triangles

Huﬂ HPN . We find:
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Then using the inequality
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then, an easy calculation will give.
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Also [pp t] )< [QE*SW+CD{'§(IZD 8}]

Therefore, easily we obtain that:
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we have to prove that:
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where the sums are cyclic over )(,J' y)z - P) C[j‘!"

or the equivalent to (5)
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So, we have to prove that
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which is elementary.
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The equality follows from (1]}(2)}(5]}(5) that is the equality

holds iff: X=Y=Z and [>=q= 'u"':lrJ__, or which is the same, if and
>
only if F is a triangle and P coingides with the centroid

and the lines L;Lleb are parallel to the sides respectively.

CASE 2.

Suppose that P is not an interior point of the triangle

ABC , see fig. (4).
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Because the obvious inequalities

It is very easy to prove
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We take the str. line MEN parallel to I(L » then
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CASE 3,

Suppose KL parallel to H§ . The proof as in the case 2.

3.~ The proof of the second conjecture,

Theorem 2. AztAl & At i AtA 5%
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Proof

CASE 1.

Suppose that P is an interior point of the triangle
ABC see fig.(2)
As in the first conjecture, from the fig, (2), it is enow}h

to prove
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We need the following lemma.
. Lemma
Let ABC be a triangle and %NJH are points on the sides

BCJCAJﬁﬁ respectively. We will show that:
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where A)%C the angles of the triangle APC
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BPM:.LUJ (PV=C | The equality iff MN//BC,

It is elementary to see that:
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therefore it holds:
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It is very easy and elementary to see that the following identity

holds
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QQ) and (H) prove our lemma.

The equality from (?J » when

UK = ¥
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or bt or -

C b C =
that is MN parallel to BC.

We are now ready to prove the second conjecture.

Let,
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The sums are cyclic over u:l‘rffﬁ,‘ and AB L

J

Obviously, follows

The eguality
and LDJ[KE .
LG, DH, KE

must coincide

to the sides.

and P its

Q > 242+2-5-3

according to our lemma if kH [ LG ; GE [[DH.
Also taking into account (fZ) we find that
must be parallel to the sides cfﬁgihat is P
with the cendroid and LqJLl;La must be parallel
Therefore the equality holds iff F is a triangle

centroid, H;Lljia must be parallel to the

gsides respectively.

CASE 2.

P
Let (LKGH)=0— 0 for the triangle ABC holds:
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[AkPH]

But

(PLBD] [PECG] 2

[prL]+ (PC ]

[A kPHJ

fig. 6



Taking into account the above we can easily prove the CASE 3,
when P is an exterior point of ABC . (We take the parallel

through L to GH ),

Comment. The most part of Grimbaum’s conjecture, EBae [?] 2
follows as a natural consequense from theorem 1. The author
of the above article has an easy Geometrie proof for the cage

j(KJ=-1 which intends to publish in a separqte paper.
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